


knot and Prime.

We first look at circle 5

finite cyclic cover : 1R/nz -> 1***S'Gal(P/si) = &PEArtIR) &A
generator of Tr .

Cs')
,

1 : IR-> IR (I x > 02+ 1 .

GaL(IR/s)

Tubular neighborhood Vi= S' X D2 C D2 is 2dim disk)

U is homotopy equivalent toS

VIS' is homotopy equivalent to GV

S' is homotopically the Eilenberg - Machane space
KLI

, 1)

Now look at finite field A CP is a prime.
p

finite cyclic cover. IF

P Cdeg n field extension)

generator of Gal (Fi(p) : Frobenius automorphism
. Fr : SLL>SCP

(Here Ip is the algebraic closure of (g)

If I say Ip is the analogy of 5' you may not feel

y andexcited. No strong evidence suggests that it is right analog

nothing interested happens here.

Some algebra geometry

We have a contravariant functor.



Spec : Category ofring -> Category of topology

A -> Spec(A)

SpecA = & pointsare prime videalsint,inf
some

Eg
Speci = 3 10) , (2) . (3) , (5), (7); .

. --

Now we can care.comp
Circle st c-> speefP
Cover 1PYE -> /# > etale cover: Spec I pu -> Spec p

M(S')=Gal((/s) = =-> T (kg)=GaL .(TP/A)-
P I

profinite completion ofE
R-> IR dim Yuz

generator 1 : 8-> 64t <
-> generator: Fr : OL-> &P

Usual topology >> etale topology
Now

, you may still not believe me that IFg is an anology of S

since all I do here is to write everything in a fancy way . Butyou
can predict what can happen in a number theory world by looking at

knots theory. We keep looking at other relative object.

Recall

Tubular V= S'XD2 (2) Ep = Am Ypr]. (p-adic integer.

V is homotopy equivalent toS' 7> Fact : Specip is homotopy equivalent to
speeffP



VIS' is homotopy equivalent
to JU <-> Fact : Spec (Ep)(Speclip

= SpecRp
(Here Rp is tractional field of Ep)

Though the right side may be abstract nonsense to you . Now you can

predict what should happen in number theory world by looking at

knot theory side. Let's say we consider the following map
.

51 (aV)
-> TLV) = T , LS') -> TLSpecRp) ->I, (specEp) = Mp(SpecIp).

The preimage of LETHLS' -> preimage of EE Til SpecIPp)
is p = S' x &by (bEGDY. is Frobenius automorphism ,

denoted 6

Kernel is infinite cyclicgp tame.

-- Kernel Ip is called inertial group.generated by

a = Say XCD2 (acS') generated by a monodiony [.

tame
ThL2V) is generated by -> T (SpeeRp) is generated by 6

a and B. and I

tame .

T(IV) = < G , B) [d , B) =K <-> I
, (specRp) = < 6, 2) +

P
It, 63 =)

Here we haven't talked anything about knots. We only look at circle s

knot : 8 '> R =>>Speclip -> SpeeI
Cor B-die Manifold

M ( Cor Spec UK)
.

M has cohomological dimension 3. > SpecOK has cohomological dimension 3.

Poincare duality for singular E- Poincare duality in etale cohomology.
cohomology



a closed.
2

Let K be a knot in M .

(S3)
Espy : ↑I (Spee

Ex [P3).

knot group : 4K = I, (MLK). <-> Gabis
group : Gspy = Thi LSpecLOK)) < P3)

GK = E ,
(S'(K)

= Galois group of maximal extension

of K unramified outside pime p

Prop (Whitten , Gordon-Lecke)

for knots K and 2 in 83
. c- For prime p and 9.

4K=Gr(= KIL Cup to orientation)
68PB EGsgy <-> P= q

peripheral group DK = T1LGVs) <-> Decomposition group Ti(SpeclOK)<[P3)
= FIL6 (MIK) ↓

↓ Caps
4k

Homology group idea class group.

linking number Legendre symbols.

Milnor invariants multiple power residue symbols.

Infinite cyclic cover.

We have a knot K <> S= RUIN]
Let X = S31K .

Let & be an infinite cyclic cover of X -

i.e. Art ) *->x) = G = E
bu
X

It is determined by some homomorphism from TX) -> G. *



Take a generator ofh such that G #
t > f

Let F be any field.

Then t acts on Cx( , F) , therefore + acts on Hi(Y, F)

Hence we can view CaCY . F) and HiL, F) as group algebra FIGS

module.

Fact : CC *, F) is free and finitely generated over FIG]
,

with

one generator for each i-cell of X.

Hence HiC, F) is finitely generated FIG) module·

Notice that FIG] =FIt, ++] is principal domain.

We can study the structure of Hi(- F).
Fact , HiC . F) is finitely generated torsion FIG) module.

In particularly
Hy(Y, F) = Fayp & Fly p ... F

(Pk)

Def : Any generator of the idea (P. P2 ... PK) is called Alexander

polynomial

For number theory side. , we have a tower of field extension.

Fo C F, <F2CE C... . c Fo

Gal (FifF) = pr2 . Fo = UEn
n -

We can viewPo as infinite cyclic cover of For



Here GallPO/Fo) = kYpr2 = Ep ., Hence we call Ep extension

of Fo

For each field , we can associated a class
group
.

P-part of . C) (FO)
is also EPEt]] finite generated module.

Kyp-part of <I(FO) NO (Pi)
I

Define characteristic polynomial- as generator of idea (PP2
:. PK)

x = degt is called Iwasawa lambda invariant.

My research is to build relation between X and Massey product.

which comes from knots theory.
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